Tight-binding (TB) calculation for zigzag boron nitride nanoribbons (ZBNNRs) is presented. The TB parameters are obtained so as to reproduce density functional calculation. The analytical expressions of boron (nitrogen) edge states that lie near the bottom (top) of conductance (valence) bands are given. The modification of the potential near the edge is found to be important in explaining the small energy dispersion of the edge states. The energy band gap of ZBNNR decreases with increasing ribbon width, which is explained by the edge potential. We also discuss the half metallicity for ZBNNR by considering the Hubbard-type Coulomb interaction.
Introduction
Single-layer hexagonal boron nitride (h-BN), and boron nitride nanoribbons (BNNRs) are III-V analogs of the widely studied graphene and graphene nanoribbons (GNRs), respectively. Different from their carbon counterparts, single layer h-BN is a wide-band-gap (%5:9 eV) semiconductor. Single layer h-BN has been successfully fabricated on the surfaces of metals. 1) BNNRs are expected to be produced using single-layer h-BN as the starting material. The properties of BNNRs [2] [3] [4] [5] are qualitatively different from those of GNRs because of the relatively large ionicities of B and N atoms and the larger energy gap of h-BN.
In accordance with the previous convention, 2, 6, 7) zigzag boron nitride nanoribbons (ZBNNRs) are labeled by the number of parallel zigzag chains N in the direction of a ribbon, which defines the width of the ribbon. ZBNNR with N B-N chains is thus denoted N-ZBNNR (see Fig. 1 ). In terms of the hydrogen passivation of dangling bonds at the edges, the ZBNNRs are further divided into four subgroups: 1) both edges are passivated (ZBNNR-2H), 2) only the B edge is passivated (ZBNNR-HB), 3) only the N edge is passivated (ZBNNR-HN), and 4) no edge is passivated (pristine ZBNNR).
Nakamura et al. reported the electronic and magnetic properties of the nano ribbons consisting of B, N, and C atoms, with zigzag edges terminated by H atoms as determined first-principles calculations. 5) For metallic BNC ribbons with different zigzag edges consisting of C and BN (or NB), the ground state becomes ferrimagnetic, which originates from the coexistence of border and edge states. Although the electronic structure of ZBNNR is not spinpolarized, energy gap of ZBNNR which is dominated by the edge states, decreases monotonically with increasing ribbon width. In the previous paper, we have reported the properties of ZBNNR-2H under in-plane static electric field 3) and have shown the half metallicity of ZBNNR-HB.
2) Even though such phenomena are explained by DFT calculations very well, a simple tight-binding (TB) study is useful for analyzing the physics of BNNRs. In this work, we performed a TB calculation and used the Hubbard model to study the properties of ZBNNRs. Using the TB model, we fitted the TB parameters of ZBNNRs to the previous first-principles calculations. We obtain analytical solutions of delocalized states, critical states and localized edge states of ZBNNRs. The present results show that the potential around the edge is essential to explain (1) the energy gap that decreases with increasing width of the ribbon, (2) the small energy dispersion of the edge states, and (3) the non-degeneracy of the energy sub-bands at the X point. Furthermore, using the Hubbard model, we studied the on-site Coulomb repulsion effect in ZBNNRs, in which the half metallicity emerged on ZBNNR-HB by choosing appropriate TB parameters including the Hubbard U parameter.
In §2, we introduce the TB model of ZBNNR-2H. Analyzing the TB model and comparing it with the DFT calculation results, we obtain the TB parameters for ZBNNR-2H. In §3, an analytical solution of the TB model is given. We will show the condition for having an edge state in ZBNNR-2H. In §4, we explain the origin of the indirect energy gap by adding the edge potential. With the edge potential, the TB energy bands reproduce the main features of DFT energy bands as discussed above. In §5, we discuss the effect of the Coulomb repulsion between electrons. The electronic structure of ZBNNR-HB, which has dangling bonds at the nitrogen edge, shows a half-metallic behavior. In §6, conlusion of the present paper is given.
Tight Binding Model
ZBNNR is obtained by cutting the two dimensional single layer h-BN. The crystal structure of ZBNNR is shown in Fig. 1 in which hydrogen atoms terminate at both B and N edges. Here, the B (N) atoms are enumerated from the B (N) edge, from N to 1, in which the eigenstate of the system is expressed by the vector (B N ; N 1 ; B NÀ1 ; N 2 ; . . . ; B 1 ; N N ) to obtain the same description for the edge states for B and N [see for example eq. (3.
3)]
Here, we consider the p z orbitals of the B and N atoms in N-ZBNNR-2H. The Bloch functions are constructed as
. . . ; 2NÞ: ð2:1Þ
The integer numbers u and 2N are, respectively, the number of unit cells in the sample and the total number of B and N atoms in a one-dimensional unit cell. R j is the position of the j-th atom in the unit cell. ðr À R j Þ is the p z orbital of the j-th atom in the unit cell, and the summation on R j is taken over u unit cells. k ¼ ðk; 0; 0Þ is the wave vector, which has a nonzero value only in the x-direction, as shown in Fig. 1 . Here, we introduce the transfer integral t ¼ h B jHj N i and the overlap integral s ¼ h B j N i, where j B i and j N i are the atomic wave functions for B and N, respectively. Here, we consider only nearest neighbor interactions. The Hamiltonian and overlap matrices, H and S, respectively, are given by
where f ¼ 2 cosðka=2Þ and value a ¼ 2:477 Å is the lattice constant of one-dimensional N-ZBNNR. The Hamiltonian and overlap matrices are 2N Â 2N matrices in the case of N-ZBNNR-2H. Note that the C-H sigma bonding is not considered in H and S. The parameter Á in H denotes half of energy difference of on-site potentials between the B and N atoms, which is given by 
where E 2 has N À 1 fold degeneracy at the X-point [see Fig. 2(b) ]. This N À 1 fold degeneracy comes from the fact that we considered only nearest-neighbor interactions. For 15-ZBNNR-2H, we obtain Á, t and s by comparing E 1 and E 2 with the results of density functional theory (DFT) calculations.
3) In the case of the DFT calculation, the energy bands are not degenerate at the X-point, as shown in Fig. 2(a) , which are performed using the SIESTA software package.
8) Thus, we fitted the SIESTA result to one of the energy sub-bands which has a flat energy dispersion near the X point. The fitted values are Á ¼ 1:894 eV, t ¼ À2:621 eV, and s ¼ 0:0154. The fitted TB energy bands are shown in Fig. 2(b) . At the X-point, energy eigenvalues are degenerate in Fig. 2(b) , while the energy eigenvalues are not degenerate in Fig. 2(a) . In §4, we will consider an additional term to the TB calculation to reproduce the DFT result.
There are some quadratic energy bands in the conduction band around the À-point for the DFT results [ Fig. 2(a) ]. Those bands are the energy bands of near-free-electron (NFE) states. 9) In the TB calculations, however, we did not consider the NFE states for simplicity. We also did not consider the and Ã bondings between N-B (B-H, N-H) atoms in TB calculation, either. Thus, some bonding energy bands at which the valence band appears around the Γ Γ À-point do not appear in Fig. 2 (b). All of those bands are far from the Fermi energy, which do not affect the edge state.
Analytical Solution of Edge State
Since s ¼ 0:0154 for ZBNNR is one order smaller than s ¼ 0:129 for graphene, 10) hereafter we ignore s for ZBNNR. The Schrödinger equation for ZBNNR becomes 
is the amplitude of the wavefunction for the B i (N i ) atom, as shown in Fig. 1 . Equation (3.1) can be written as
Combining the two equations in eq. (3.2) together, we obtain the same recursion formula for B and N:
. . . ; N and B 0 ¼ N 0 ¼ 0Þ; ð3:3Þ where the parameter c is given by
Since both B n and N n have the same recursion formula with the same boundary conditions, we just consider B n . The solutions of eq. (3.3) is given by
We will discuss the solution for three different cases.
Case of jcj
, respectively. The absolute value of B n in eq. (3.5) increases exponentially with increasing n, controlled by the former term f½ðc þ ffiffiffiffiffiffiffiffiffiffiffiffi ffi
For c < À2, the latter term of eq. (3.5) is the leading term. The wave function is an edge state that is exponentially localized at the B edge of the ZBNNR.
Case of jcj ¼ 2
For c ¼ 2, let's set c ¼ 2 þ , where > 0 is a small number. Equation (3.5) can be written as
ð3:6Þ
The amplitude of the wave function depends linearly on n.
For c ¼ À2, the same result is obtained by putting c ¼ À2 À . We call the wavefunction with jcj ¼ 2 as critical states, since the c value in these cases are critical values between the localized states and the delocalized states. The critical states are also discussed for the metallic, zigzag single wall carbon nanotubes.
11) The critical state of carbon nanotubes is sensitive to the mean curvature of a tube, and it can be controlled by the Aharonov-Bohm flux in the hollow core of nanotubes.
11)
3.3 Case of jcj < 2
For jcj < 2, ffiffiffiffiffiffiffiffiffiffiffiffi ffi c 2 À 4 p is a pure imaginary number. Then the solution B n is given by as a function of k, which are shown in blue and red lines in Fig. 3(a) , respectively. All energy dispersion curves in the two closed regions between the blue and red lines in the valence or conduction bands are the delocalized states, while the dispersions out of these regions are the edge states. In When the wavefunction is equally distributed over the atoms, we obtain F ¼ 1=2N; when the state is localized at an atom, we obtain F ¼ 1. The calculated F of the highest valence band is shown as a function of k in Fig. 3(b) . The F for the lowest conduction band gives the same value as that shown in Fig. 3(b) . The state is more localized when the state is closer to the X-point. Our calculations show that the straight length of A i B i (i ¼ 1; 2; 3; 4) increases with increasing the width of ribbon. The lengths of A i B i (i ¼ 1; 2; 3; 4) have a maximum value of =3a for a ribbon with N ! 1, which is the same as that in the case of ZGNR-2H.
6)

Potential Change around the Edge
Even though the simple TB energy bands are similar to the DFT calculation results, there are still some features that are not consistent between the DFT [ Fig. 2(a) ] and TB [ Fig. 2(b) ] results. For example, all the valence (conductance) bands except for these bands of the edges state are degenerate at the X point in the TB energy bands [ Fig. 2(b) ], which is given by E 2 in eq. (2.6). On the other hand, the DFT energy bands are not degenerate at the X-point [ Fig. 2(a) ]. Another different feature is that the TB energy bands of the edge states are flat, while the edge states have a small energy dispersion in the DFT calculations. Furthermore, the TB energy gap is constant as a function of the ribbon width N, while the DFT energy gap decreases with increasing N.
As shown in eqs. (2.4) and (2.5), the Hamiltonian of ZBNNR is block-diagonalized for k ¼ =a which is the reason why the TB results are N À 1-fold-degenerated E 2 values at the X-point. The degeneracy of the states can be lifted by adding edge specific potentials that depend on the atomic position in the diagonal matrix elements of 2 Â 2 small matrices. The degeneracy can be lifted too by secondor third-nearest neighbor interactions. However, in the case of ZBNNR, the change of the diagonal term gives a predominant contribution to the lift of degeneracy, as shown below. The existence of the edge potential is reasonable, not for ZGNR but for ZBNNR, since either of the B or N atoms which is partially ionized appears at a zigzag edge. Since the electronic densities of -electrons at the N edge is larger than those of -electrons at the B edge, the Hartree potential and exchange-correlation potential in the DFT calculation are relevant to the edge potential. In §5, we will discuss the effect of the edge potential by adding the Coulomb potential.
Here, we define an exponential-type edge potential V ¼ Pe Ày= , where P denotes the strength of the potential, and is the decay length of the potential. We obtain the P and for both the B and N edges of ZBNNR-2H by fitting the TB energy bands to the DFT energy bands. The fitted values are P B ¼ À0:450Á and P N ¼ À0:225Á for the B and N edges, respectively, and ¼ 9 Å for the both edges. The TB parameters of Á and t with the edge potential are Á ¼ 2:246 eV, t ¼ À2:621 eV, respectively. The calculated TB energy bands of 15-ZBNNR-2H with the edge potential are shown in Fig. 4(a) , which reproduces the DFT results better than Fig. 2(b) . The calculated energy bands have an indirect energy band gap between the -and -points in Fig. 4(a) . The energies of the edge states decrease with decreasing edge potentials P B and P N . Since the edge states are more localized for the k-point closer to the X-point, the more localized edge states have a lower energy, which makes a small energy dispersion for the edge states. The effect of the edge potential is similar to that of the second-nearest-neighbor interaction, which is discussed for ZGNRs. 12) In the previous paper, 12) we have shown that the next-nearest-neighbor interaction decreases the energy of the edge states at the zigzag edge with respect to the Fermi energy in which the downshift of the edge states is 
calculated analytically by first-order perturbation theory. However, we found that the second-nearest-neighbor interaction for ZBNNR-2H does not contribute much to the energy dispersion of the edge states. Although the nextnearest-neighbor interaction downshifts the energy dispersions of the edge states, the next-nearest-neighbor interaction does not lift the degeneracy at the X-point sufficiently. Further, the next-nearest-neighbor interaction does not explain well the dependence of energy gap on the ribbon width, as described below.
In Fig. 4(b) , we plot the indirect energy gap E g E À E (solid red line) as a function of ribbon width, which reproduces the first-principles results (blue triangles) very well.
5) Thus, we do not need to prepare TB parameters of ZBNNR-2H for different ribbon widths by adopting the edge potential. By fitting the TB results, we obtained the indirect energy gap E g ¼ 3:446 þ 0:998e ÀL=30:606 eV. The state () at the X-point in Fig. 4(a) is localized at the outer most atoms of the B (N) edge. Thus, we do not expect any optical transition between and . The dependence of direct energy gap (E gX E À E ) on ribbon width can be explained by the effects of edge potentials on the states and . When we consider the edge potentials V B and V N around the B and N edges, respectively,
where L is the width of the ribbon in angstroms. E gX is analytically given by
ðP B e Ày= þ P N e ÀðLÀyÞ= ÞðL À yÞ dy
ð4:2Þ Equation (4.2) shows the analytic expression of E gX , as shown by the dashed line in Fig. 4(b) .
Coulomb Interaction
In the previous section, we consider the Coulomb interaction partially in the edge potential. However, this treatment is not sufficient for explaining the possible occurrence of spin polarization at the edge. In fact, the spin polarization and half metallicity of ZGNRs are reported by TB and first-principles calculations. [13] [14] [15] In this section, we consider the effect of the Coulomb interaction for ZBNNR-2H. The most important term of the Coulomb interaction is on-site Coulomb repulsion U. The effect of U can be described by the Hubbard model;
U in n i;"n n i;# ;
ð5:1Þ
Here, we set U B ¼ U N ¼ U for simplicity. Equation (5.1) can be written within the mean field approximation as follows
ðhn n i;" in n i;# þn n i;" hn n i;# i À hn n i;" ihn n i;# iÞ:
ð5:2Þ
We calculated the energy bands of 8-ZBNNR-2H using eq. (5.2). The parameter that we used are the same parameters for Á and t as those in §2, and P B ¼ P N ¼ 0 to avoid double counting of the edge potential. The obtained energy bands are not spin-polarized for U < 7 eV, since the density of states (DOS) at the Fermi energy is zero for ZBNNR-2H. The calculated TB results with U ¼ 5:00 eV are consistent with the results of the DFT calculations, 5) which show no spin polarization in the ZBNNR-2H. An interesting point for ZBNNR-2H is that its energy gap decreases with increasing U, as shown in Fig. 5(a) . The wave function of the valence (conduction) band mainly consists of the N (B) p z orbital. When we consider on-site Coulomb repulsion, the orbital energies of N p z orbitals increase more than those of B p z orbitals, since there are more electrons in N p z orbitals than in B p z orbitals. This is the reason for the decrease in energy gap with increasing U. If we adopt U ¼ 7:5 eV, we obtain spin-polarized states [see Fig. 5(b) ]. In the case of U ¼ 7:5 eV, energy sub-bands for down spins exist near the Fermi energy while energy subbands for up spins exist far from the Fermi energy. Thus, energy gap is controlled by the down-spin state and U. In the special case of U ¼ 7:2 eV, the energy gap for down spins vanishes, and ZBNNR-2H becomes a half metal. Note that the energy gap of ZGNR-2H [red line in Fig. 5(a) ] shows a dependence on U 13) opposite to that of ZBNNR-2H. The parameters that we used in Fig. 5(a) for ZGNR-2H are Á ¼ 0 and t ¼ À3:033 eV. Thus, the spinpolarized state is more stable for ZGNR-2H, even for small U.
13) The energy gap in ZGNR-2H is proportional to UhMi, where hMi is the average of spin polarization. In the previous paper, 13) we have checked that hMi is a smooth function of U for small values of U, which is the reason why energy gap increases with increasing U [see Fig. 5(a) ].
Finally, let us discuss the electronic structure of ZBNNR-HB (with a dangling bond at the N-edge). The Hamiltonian of ZBNNR-HB can be obtained by considering the dangling bond state to the Hamiltonian of ZBNNR-2H. Note that the bonding of C-H is not considered in ZBNNR-2H. Since there is one dangling bond per unit cell, the Hamiltonian of N-ZBNNR-HB is given by a ð2N þ 1Þ Â ð2N þ 1Þ matrix. The off-diagonal terms of the Hamiltonian between the dangling bond state and the p z orbital are zero, because they have different symmetries in the z-direction. Even though there is no interaction between the two states, the diagonal term of the dangling bond state depends on the charge of the dangling bond determined by the Fermi energy. In Fig. 6 , we show the spin-dependent energy dispersion of 8-ZBNNR-HB. By considering the on-site Coulomb repulsion in each orbit (U B , U N , and the dangling bond parameter U D ) and together with the edge potentials, the half-metallicity of N-ZBNNR-HB by the TB calculation is obtained as shown in Figs. 6(c) and 6(d). For comparison, the DFT results for the up-and down-spin energy bands are shown in Figs. 6(a) and 6(b), respectively. The parameters that we fitted here are U ¼ 5:00 eV, Á ¼ 3:75 eV, t ¼ À2:62 eV, U D ¼ 2:00 eV, E D ¼ À2:80 eV, and t D ¼ À0:400 eV, where U D , E D , and t D are the the on-site repulsion energy, orbital energy and transfer integral between dangling bond states, respectively. We have chosen Á larger than that is the previous sections to make the result reasonable, since the on-site Coulomb repulsion U tends to decrease energy gap. Both the DFT and TB results have two energy bands [D and E in Figs. 6(b) and 6(d)] only for down spins that cross the Fermi energy (E ¼ 0). Here, one of the two energy bands is the energy band for the dangling bond at the N-edge, which is denoted D; another energy band is the edge state localized at the Nedge denoted E. Thus, when we drive an electric current along the ribbon direction, only down-spin current can be observed, which is generally known as half-metallicity.
2)
The spin current is localized at the N-edge, and the localization of the spin current could be tuned using a gate voltage. When the Fermi wave vector is close to the X-point, the more localized edge states contribute to the spin current, which should be checked experimentally in the future.
Conclusion
In summary, we have studied the electronic structure of ZBNNR using TB method and mean field approximation. The TB parameters of ZBNNR are obtained by comparing them with the DFT results. The reason why energy gap decreases with increasing ribbon width is explained by the edge potentials. The analytical expressions for the direct and indirect energy gaps, which depend on ribbon width, are also understood by the edge potentials. Finally, we studied the effect of on-site Coulomb repulsion and reproduced the halfmetallicity of ZBNNR-HB.
